The Lyth Bound and the End of Inflation 
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We derive an extended version of the well-known Lyth Bound on the total variation of the infiaton 
field, incorporating higher order corrections in slow roll. We connect the field variation A(j> to both 
the spectral index of scalar perturbations and the amplitude of tensor modes. We then investigate 
the implications of this bound for "small field" potentials, where the field rolls off a local maximum 
of the potential. The total field variation during inflation is generically of order mpi, even for 
potentials with a suppressed tensor/scalar ratio. Much of the total field excursion arises in the last 
e-fold of inflation and in single field models this problem can only be avoided via fine-tuning or the 
imposition of a symmetry. Finally, we discuss the implications of this result for inflationary model 
building in string theory and supergravity. 



I. INTRODUCTION 

Inflation [lj has proven to be a fantastically successful 
paradigm for explaining why the universe is so big, so 
old, and so flat, and provides a mechanism for generat- 
ing the primordial cosmological perturbations. However, 
a fundamental description of the physics responsible for 
inflation remains elusive: no convincing model for infla- 
tion yet exists. We can, however, discern the broad char- 
acteristics of the inflationary epoch from observational 
data. The absence of a detectable gravitational wave con- 
tribution to the CMB (Cosmic Microwave Background) 
anisotropies tells us that the energy density of the uni- 
verse during inflation was something less than 10 16 GeV. 
The fact that the primordial perturbation spectrum is 
close to scale invariant tells us that the potential function 
of the field or fields responsible for inflation (the infiaton) 
must be very flat. Finally, the highly suppressed ampli- 
tude of the perturbation spectrum (5 ~ 10~ 5 ) requires 
the introduction of a small parameter to the inflation- 
ary Lagrangian, either as a small self-coupling or as a 
hierarchy of mass scales. 

Probably the best guess as to the fundamental origin 
of the inflationary potential is that the infiaton (if there 
is only one) is an effective degree of freedom in the low- 
energy limit of quantum gravity 0). The last few years 
have seen substantial progress toward realizing this hy- 
pothesis within string theory [1 H H H H H la ITol III] . 
but no dominant and compelling stringy model of infla- 
tion has emerged, and string phenomenology is far from 
fully understood. In this context, effective field theory 
is a powerful tool. Since the infiaton potential is tightly 
constrained by data, if the infiaton field takes on a vac- 
uum expectation value (vev) at which higher order oper- 



ators contribute significantly to the potential, it is very 
unlikely that the delicate balance between the height and 
slope of the potential will survive intact. Therefore ef- 
fective field theory arguments favor a vev for the infiaton 
which is small in Planck units: A</> <C mpi. Lyth ^1 
derived a lower bound on the variation in the infiaton 
field during inflation in terms of the ratio r between ten- 
sor and scalar perturbations generated during inflation, 
known as the Lyth Bound. Combined with a theoretical 
prejudice based on effective field theory, the Lyth Bound 
predicts a strong suppression of primordial gravitational 
waves relative to the observed amplitude of the scalar 
perturbations. 

The significance of the Lyth Bound has been the sub- 
ject of much debate. In particular, Linde has argued 
that only the energy density during inflation must be 
sub-Planckian and that field values greater than mp\ 
are physically consistent but this argument does 

not apply to generic supergravity or superstring inspired 
models [Tj. Lyth's argument is restricted to single field 
models, and multifield models can evade it in two ways. 
Firstly, one might imagine that several separate infla- 
tionary epochs are concatenated together. 1 Secondly, 
the large number of scalar fields introduced by the string 
landscape makes it natural to look for implementations 
of assisted inflation |15J where a large number of similar 
(if not identical) scalar fields act cooperatively to drive 
inflation. The resulting cosmology mimics that produced 
by a single field with a large vev, but the individual fields 
never take on trans-Planckian expectation values. A con- 
crete example of this approach is provided by "N-flation" 

urn. 

Questions surrounding the robustness and generality 
of the Lyth Bound will only grow in importance as mea- 
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See |gl ll4l for specific proposals along these lines, and llil for a 
more general argument about the implementation of multifield 
models in the string landscape. 
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surements of the perturbation spectrum put ever tighter 
constraints on the amplitude of primordial tensor fluc- 
tuations 0, EJ. In this paper, we do not attempt to 
resolve the debate about the self-consistency of effective 
field theory in inflation, but simply pose the question: 
If we suppose that future observations show a strongly 
suppressed amplitude of primordial tensor fluctuations, 
what will that tell us about the inflaton potential? 

To investigate this question, we derive an extended ver- 
sion of the Lyth Bound accurate to higher order in slow 
roll. This allows us to connect the field variation Acf> 
to the spectral index of scalar perturbations, as well as 
to the amplitude of tensor modes. We then investigate 
the implications of this bound for "small field" potentials, 
where the field rolls off a local maximum of the potential. 
We find that, in the absence of fine-tuning, the field vari- 
ation during the inflationary period is generically of or- 
der mpi, even for models with a very small tensor/scalar 
ratio. Specifically, near the end of inflation, the field vari- 
ation is rapid enough to ensure that A(f> ~ mpi during 
the last e-fold of expansion. This is true even when the 
field variation is small during the epoch in which the ob- 
servable perturbations are generated. We show that this 
"last e-fold problem" can only be solved by suppressing 
the inflaton mass term - either by fine-tuning or the im- 
position of a symmetry. The remainder of the paper is 
structured as follows: Section [H] derives the higher-order 
extension of the Lyth Bound. Section II I II discusses the 
issue of field variation in generic small-field models and 
the "last e-fold" problem. Section IIVI contains a sum- 
mary and conclusions. 



II. THE EXTENDED LYTH BOUND 

Inflationary cosmology predicts the existence of a 
spectrum of large-scale tensor fluctuations (gravitational 
waves) in addition to scalar fluctuations (adiabatic den- 
sity perturbations). Both are expected to contribute to 
the measured temperature anisotropy and polarization 
of the cosmic microwave background (CMB), and dif- 
ferent inflationary models predict varying contributions. 
The relative contributions are quantified in terms of the 
tensor-to-scalar ratio 
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are the amplitudes of tensor and scalar perturbations, 
respectively, and e is the first Hubble slow-roll parameter 



There is much interest in the possible detection of a 
tensor contribution to the CMB temperature anisotropy. 
Upcoming CMB missions will have vastly increased sen- 
sitivity to the B-mode polarization signal characteristic 
of gravitational radiation. The Planck satellite |l8| will 
have the sensitivity to detect r ~ 0.05 and successors 
such as NASA's Inflation Probe UM may achieve a sen- 
sitivity of r ~ 0.01 or better poll2l|. Direct detection of 
the primordial gravitational wave background with the 
envisioned Big Bang Observer missio n |2 ^| has a pro- 
jected sensitivity of r ~ 10~ 3 — 10 -4 [23l |24|. Together 
with the COBE normalization, Sh — 1-9 x 10~ 5 , a detec- 
tion of tensor fluctuations will (assuming a nearly scale- 
invariant spectrum) fix the energy scale of inflation via 
the relation 



A-r 1 / 4 x (3.3 x 10 16 GeV), 



(5) 



where A 4 = V is the height of the inflationary potential 
when scales of cosmological interest exited the horizon. 
Furthermore, since r ~ e and e oc (V /V) 2 to lowest or- 
der in slow roll, a measurement of tensor modes will also 
reveal information about V when slow roll is valid. De- 
tection of the B-mode will therefore constrain the shape 
of the inflaton potential enough to eliminate many cur- 
rently viable inflationary models. The discovery of pri- 
mordial gravity waves is therefore a valuable and excit- 
ing prospect. However, there are theoretical arguments 
which suggest that the amplitude of the tensor compo- 
nent is expected to be well below current observational 
limits. 

Lyth showed that the amplitude of the tensor com- 
ponent (and therefore r) depends on the total inflaton 
field variation, A(j>, during the time that observable scales 
exit the horizon. From the expression 



mpi 



dN 2^ 



(6) 



and by using Eq. QJ, it is possible to write the field 
variation as a function of r, 



Ac/) 



Vr\AN\, 



(7) 



where N is the number of e-folds before the end of infla- 
tion. It is assumed that there is negligible variation in 
r over the period |AiV|, which is a good approximation 
to lowest order in slow roll. In his original paper, Lyth 
considered A(j> as scales corresponding to 1 < I < 100 
were exiting the horizon, during which time the universe 
expands by an amount |AA| ~ 4. Since this gives a 
lower limit on the total field variation, the result is an 
inequality known as the Lyth Bound: 2 



A(j) > m?i\ 



(8) 



'"pi (a\ The addition of other theoretical priors can result in a strength- 

47T \ H((j)) ) ened bound HJ. 
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This indicates that for sizeable values of r, the inflaton 
field must roll a distance of order mpi while observable 
scales are exiting the horizon. Field variations > mpi are, 
in fact, ubiquitous in inflationary model-building, and 
essential for the success of chaotic inflation and certain 
models based on symmetry breaking potentials. Such a 
large field variation may, however, be problematic from 
the standpoint of effective field theory if the underlying 
inflationary model is embedded in either supergravity or 
string theory. 

It is widely believed that inflation can be appropriately 
described by the evolution of a fundamental scalar field: 
a field existing in the low energy limit of some more fun- 
damental theory such as supergravity or string theory. 
It is possible to describe these fundamental theories at 
low energies by an effective field theory, obtained by in- 
tegrating out high momentum degrees of freedom and 
rescaling fields and coupling constants. An effective field 
theory description of inflation thus involves an effective 
potential for the inflaton of the form 



where rj is the second Hubble slow-roll parameter, 



V{4>) = V + \m 2 cj> 2 + 



^ 4 E 

p=0 



(—)' 

\mpi ) 



(9) 



The terms of order p > have couplings of negative mass 
dimension, and are therefore nonrenormalizable. How- 
ever, provided (j) <C mp\, the nonrenormalizable terms 
remain under control and the series is at least asymp- 
totically convergent. Therefore, if we hope to be able to 
make observable predictions based on an effective field 
theory, we need Aip < mpi as the scales relevant to these 
predictions arc leaving the horizon. This is a conservative 
estimate: while we work with the full Planck mass, the 
appropriate vertex factor for a loop expansion in gravity 
is actually the reduced Planck mass, mpi/ySn, about 
a factor of five smaller. Ensuring that this relationship 
holds can easily lower the amplitude of the tensor modes 
to the point where they are effectively undetectable. This 
strong theoretical prior on the inflationary model space 
is a stringent constraint on a key inflationary observable 
and we now ask: can the Lyth Bound can be extended 
to constrain other observables? 

The power spectrum of superhorizon-sized perturba- 
tions (k <C aH) is conventionally expressed in terms of 
the comoving wavenumber, k, 



P^ 2 ex ¥• 



(10) 



where n is the spectral index. When slow roll is valid, 
the spectral index can be written 3 



V 
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We wish to obtain A<p as a function of r/, so we will extend 
the Lyth Bound to next order in slow roll. Consider the 
Taylor expansion of the inflaton field 4>(N), 

t(N) = t + ^(AN) + 1 -^(AN) 2 + -.., (13) 

where the coefficients in the series are given by the flow 
equations, 



dN 



dN 2 
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2^ 



Eq. (|13fl then becomes 
A(f> 



20? 



1 



Ve(r}-e). 



:(V-e)(AN) 



(14) 



(15) 



(16) 



The first term in Eq. (|16|) is Lyth's original result and 
the additional term provides an ^-dependent correction. 
Using Eqs. pill(l and taking AN ~ —4 we obtain the 
extended Lyth Bound 



1 - (n - 1) 



(17) 



The effect of the extra term in Eq. l|ltj|) depends on the 
sign of r). We are particularly interested in models for 
which rj < 0, as they often lead to a detectable value of 
r [2(| • These consist of potentials that arise from spon- 
taneous symmetry breaking, pseudo Nambu-Goldstone 
bosons (natural inflation) [271 12I I30I l3ll I3I I33T] . and 
certain chaotic inflation scenarios. For r\ < 0, the bound 
tightens as \i]\ becomes large. During slow roll, 77 can be 
given in terms of the inflaton potential V(4>): 



'"pi 
8tt 



V"{4>) 1 (YWX 
V{(j>) 2 \, V{4>) J 



(18) 



n = 1 - 4e + 277, 



(11) 



For a given value of e and vacuum energy density A, 
•q grows more negative as the curvature of the potential 
increases over the region defined by A7V. The field <fi rolls 
more quickly as the concavity of the potential increases, 
and thus travels further as the universe expands by |AiV| 
c-folds. For a given r, the extended Lyth Bound Eq. H17|) 
is tightened slightly for models with red spectra (n < 1) 
and loosened for those with blue spectra (n > 1). 



3 Note that the algebraic form of the equation below differs slightly 
from that often encountered in the potential slow roll formalism. 



4 Note that N decreases as one goes forward in time. In this paper 
we adopt the convention ^/e oc H ' (</>) so that <f> oc — ^/e . 
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III. THE LAST E-FOLD 



We find <f> e by setting e( 



1 in Eq. ^ t 



Equation (|17fl determines the field variation A(f> as 
scales with 1 < I < 100 leave the horizon. Lyth 0] 
pointed out that the lower order version of this result, 
Eq. ||SJ), is necessarily a lower limit on the total field 
variation. It is conservative, as e can increase signifi- 
cantly in the remaining N e-folds of inflation, resulting 
in A<f> 3> mpi. 5 For example, if V ~ 4 , Atfi ~ 4mpi 
over the last 50 — 60 e-folds of inflation. These models 
predict r ~ 0.1 — 0.2, so A<fi ~ O.lmpi over the first 4 
e-folds of inflation. We thus see that while this interval 
corresponds to around 7% of the total expansion of the 
universe, it provides only 2.5% of the field variation. 

If inflation is driven by a single scalar field whose po- 
tential has the form of Eq. JHJ), we need to ensure that 
A<p does not exceed mpi over the full course of inflation, 
and not just over the interval during which currently ob- 
servable scales are leaving the horizon. For a given N 
we can write down the equivalent field value, 4>N- For a 
specific potential, (f>N is a function of </> e , the field value 
at the end of inflation which is determined from the slope 
of the potential. As we now show, field variations during 
the last e-fold of inflation are generically of order mpi, 
making this constraint difficult to satisfy. 

We begin with an example. Consider the potential 



V{4>) = A 4 



where A 4 cx Vb is the "height" of the potential and fi is 
the "width" . Such potentials are characteristic of chaotic 
inflation scenarios |35l | and typically result in A(f> > mpi 
during inflation. To lowest order in slow roll, 



ml, (V'{<f>)\ 
16tt ^ V{4>) ) 



(21) 



which for the case of Eq. (121 III becomes 



<4>) 



m 2 pl ( p x 2 



16tt 



(22) 



From Eq. ©, we obtain as a function N, 



'"■PI „ T 

—^-pN. 

4tt y 



(23) 



5 Efstathiou and Mack Li-ll use a stochastic approach to extend 
the Lyth Bound over the entire inflationary period. For models 
satisfying the spectral index constraint 0.92 < n < 1.06, they 
obtain the bound 

mpi 

where A(f> is the variation over the remaining 55 e-folds of infla- 
tion. 



(19) 



40r 



p. (24) 



We have now fully specified <pN, 
variation over the last e-fold is 

mpi 



and if p = 4 the field 



A0=|0 e -0 1 | = -^(V8-2)«O 



(25) 



This is much larger than the field variation over the pe- 
riod when cosmologically relevant perturbations are gen- 
erated, but yields only a single e-fold of inflation. More- 
over, the field variation grows with p. Now consider 



e(N) 



P 



P- 



■ 4iV 



(26) 



giving e(l) = 1/2 for p — 4. We can understand the 
general case by noting that in Eq. (j^J , if e does not vary 
considerably as the universe expands by |AiV| e-folds, we 
can write 



A0 



20? 



(27) 



Since inflation ends when e = 1, during the final e- 
fold -^/elATVl ~ 1, resulting in a field variation A<p ~ 
mpi/2Y / 7r. As Acf> is the integral of ^/e over the last e- 
fold, the area under the curve in the figure is proportional 
(20) to A(j>. When V(4>) cx </> 4 , e is close to unity when N = 1, 
and is exactly unity (by definition) when N = 0. 

Eq. © is a general relationship between and N, so 
the conclusion that a slowly varying e(N) leads to A<j> of 
order mpi over the last e-fold is actually model indepen- 
dent. Consequently, there is a large class of inflationary 
potentials with this property, even though the explicit 
calculation here assumes V(<f>) cx <f> p . 

In order to keep the field variation small and solve this 
"last e-fold" problem, we need a potential for which e 
rises very rapidly to unity as N approaches zero. Due 
to the vast number of inflation models consistent with 
current constraints [3(| |3ll |38|, |3j| 0] , rather than inves- 
tigating A<fi for the last e-fold of inflation on a case-by- 
case basis, we turn to Monte Carlo reconstruction [4l|, 
which relies on stochastic evaluation of the inflationary 
flow equations |42L |43| . By selecting initial conditions 
in the inflationary parameter space and integrating the 
flow equations, we can generate a vast collection of mod- 
els, and then filter out those which satisfy any specific 
constraints. Monte Carlo reconstruction relies on a trun- 
cated slow-roll hierarchy, so it effectively assumes that 
the potential contains no sharp kinks or corners, since 



6 The reader may object to the use of e written to lowest order 
in slow roll Eq. 1211 to obtain a field value when slow roll has 
clearly broken down. Use of the exact expression for e Eq. Jl} 
actually yields a larger field variation than that obtained in Eq. 
1251 . but agreement between the two curves is within 5%. 
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FIG. 1: Histogram of A<j>/mm over the last e-fold for 12,000 
inflation models satisfying the constraint 0.9 < n < 1.1 on 
the spectral index. Red (n < 1) and blue (n > 1) spectra are 
plotted separately. 



even very high order derivatives of H(<f>) and V{4>) are 
non-zero in the vicinity of such a feature. However, we 
are excluding this class of potentials by hypothesis when 
we assume that the end of inflation is due to a smooth 
transition to e = 1 from e ~ 0, rather than an almost 
instantaneous jump, so our analysis here is entirely self- 
consistent. 

Having solved the flow equations, one may then recover 
the inflaton potential for the models that survive the fil- 
tering process ^lj. The results of such an analysis are 
presented in Figure The histogram displays A<^/mpi 
during the last e-fold of inflation for 12,000 models in a 
sixth-order flow reconstruction with spectral index within 
0.9 < n < 1.1 at astrophysical scales. The models at the 
left hand end of the histogram are those for which we 
might expect that higher order corrections to the infla- 
ton potential are ignorable throughout the last 60 e-folds 
of inflation, and we see that they are are extremely rare. 
This result strongly suggests that A(f)/mp\ ~ 1 over the 
last e-fold for a generic inflationary model. 

All of the models included in Figure ^ are "nontriv- 
ial" models, for which inflation ends dynamically by e 
passing through unity. These have potentials of either 
the large field or small field type. Large field models are 
characterized by a scalar field initially displaced from the 
minimum of the potential by an amount typically of order 
the Planck mass. Chaotic inflation scenarios |35j arising 
from polynomial potentials, as well those arising from 
exponential potentials [44(, are examples of large field 
models. Since large field models generally require an ini- 
tial field value (f>o > mpi, these are already problematic 
from an effective field theory perspective. In contrast, 
small field models are distinguished by a scalar field ini- 
tially very close to a maximum of the potential, and roll 
off the "hill-top" as inflation progresses. (We use the 



term "small field" in the original sense of Ref . |26j : the 
initial field value must be small, but the field variation 
Acj) need not be.) Examples include Coleman- Weinberg 
("new" inflation) and pseudo Nambu-Goldstone bosons 
(natural inflation) potentials. We are interested in iden- 
tifying which small field models lead to inflation with 
A<f> <C mpi- As we will find, the behavior of e(iV) during 
the last e-fold will be particularly important. In Fig. ^ 
we see models with both red (n < l)and blue (n > 1) 
spectra. Naively, a blue spectrum is associated with hy- 
brid inflation, where inflation ends via an instability in 
a direction orthogonal to the inflaton trajectory. How- 
ever, the "blue" models here are correlated with a signifi- 
cant running, and the spectral index is thus a function of 
scale. This blue to red transition is facilitated by includ- 
ing higher order terms in the slow roll expansion. This 
breakdown of the standard model-classification at higher 
order is discussed in detail in Ref. [24(. For the analytic 
models we consider below, such higher-order effects are 
negligible, and expressions to first-order in slow roll are 
sufficient to describe the physics. 

Scalar fields with spontaneous symmetry breaking po- 
tentials have long been seen as candidate inflationary 
models. Such potentials possess a point of unstable equi- 
librium with non- vanishing vacuum energy (the false vac- 
uum), and a point of stable equilibrium with effectively 
zero vacuum energy (the true vacuum). If <j) is initially 
in (or near) the false vacuum, thermal and/or quantum 
fluctuations eventually cause the field to roll towards the 
true vacuum. These models are known as small field 
models, since <f>o « initially. 

During inflation, the field is near the top of the poten- 
tial, 4> "C £t, so we can assume 



V(4>) = A' 



1-I(* xr 

P VM, 



(28) 



Since inflation ends and slow roll breaks down before the 
field reaches the true vacuum <fi ~ /x, a realistic potential 
with Aip -C TOpi during inflation must have \x -C rnp\, 
while satisfying observational constraints on the spec- 
trum for scales exiting the horizon around N = 60. From 
the Lyth Bound, it is clear that the tensor-to-scalar ra- 
tio is negligible at these scales. Therefore, a spectral 
index consistent with a nearly scale-invariant spectrum 
will be the key inflationary observable. Models of in- 
flation occurring at low scales have been investigated in 
Rcfs. |45ll46j . among others. 
We will focus on the potential 



V(<j>) = A 4 



1 

P VM 



(29) 



for p = 2 and p > 4, and we will see that these two choices 
lead to significantly different inflationary phenomenology 
Working to first order in the slow roll parameters is suf- 
ficient for our purpose here, and we drop higher-order 
corrections. We start with p — 2, the so-called "inverted 
quadratic" potential. This is the generic case, since in 



the absence of a symmetry that suppresses the mass, the 
quadratic term will always dominate for small enough <f>. 
Many of the following results are derived in more detail 
in Refs. [2(], lip. A similar, more recent analysis can be 
found in Ref. |l7|. The first slow-roll parameter, e(0), is 



<<t>) 



1 ( m Pi 
Wit \ /i 



(30) 



From Eq. ©, the number of e- folds before the end of 
inflation can be found as a function of 6, 



N{<t>) 



"(-)' 

\m Pl J 



Next, we determine the field value at N = 60, 
this will be needed to calculate observables: 
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(31) 

6 60 , as 

(32) 



Using Eq. we obtain the scalar spectral index at 

N = 60, 



n = 1 - 4e(^ 60 ) + 277(<£ 6 o ) 1 + 



m 2 Pl (V"{ct> m ) 



4tt 
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4-7T \ fl 



(33) 



where the approximation follows because the field is 
slowly rolling while scales corresponding to 4>qq are leav- 
ing the horizon. We see that with fx <C Tnpi, the spectral 
index n <C 1, resulting in an extremely red spectrum. 
Requiring n > 0.9 yields /i > 0.9mpi. A scale invariant 
spectrum, n = 1, is achieved in the limit /j — > oo. 

Under what circumstances is it possible to satisfy the 
condition A(f> <C mpi with an inverted quadratic poten- 
tial? In the limit cj> <C \x the second slow-roll parameter 
becomes a constant, 



n 



_L ( TOpi 

8lT \ [1 



< At. 



(34) 



Again, we find cf> e , the field value at the end of inflation, 
by solving e = 1 



1 



mpi 2 x/vr | r7 1 

Using Eq. (|31|l . we then obtain 

0(N) 1 . 

= — =- — -e 

mpi 2V7r|ri| 



(35) 



(36) 



Then 4>qq -c ei and the total field variation during in- 
flation is 



The condition A<f> <C m-pi is a lower bound on the mag- 
nitude of T), 



\m > 



i 



2VF 



(38) 



Alternatively, we can regard this as a new manifestation 
of the rj problem that is endemic to inflationary models 
embedded in supergravity where (nearly) flat directions 
necessarily acquire a mass roughly equivalent to the Hub- 
ble parameter H, and rj ~ 1 [47]]. This gives a constraint 
on the spectral index, 



l + 2ri< 0.4. 



(39) 



Note that this is exactly the opposite of what one might 
expect from the extended Lyth Bound (|17|l where, for 
fixed r, we find that it is easier to achieve A0 <C mpi in 
the limit n — ► 1. To understand this apparent discrep- 
ancy, we use Eqs. (|30f) and l|31|l . to obtain e(N) 



e(N) = exp 



N /mpi 

47T \ /J 



-2|»7|iV 



(40) 



Thus we cannot naively take the small-?? limit with r 
fixed. The rate of change of the field can be obtained 
from Eq. © , 



dN 20F 



(41) 



The change in the value of <fi between N% and N2 < N\ 
is 



A W ^ ^) = 1 ( P -HN 2 _ p - HNl 
mpi 2^177 



(42) 



Taking n > 0.9, so that r\ ~ 0.05, the field variation from 
AT = 60 to N = 56 is then 



A0(6O -> 56) = 0.05m P i, 



(43) 



which satisfies <C mpi- However, the field variation 
during the last e-fold is large: 



A(f>(l -> 0) = 0.2m P i. 



(44) 



As in our earlier flow analysis, virtually all of the field 
evolution happens near the end of inflation. This is not 
surprising, since the end of inflation is precisely where 
slow roll is breaking down. Therefore, while a small value 
of r is a necessary condition for A(f> to be small in Planck 
units throughout inflation, it is not a sufficient condition. 
For any potential dominated by the inflaton mass term 
during inflation, the total field variation is always of order 
mpi, even if the field variation is small early in inflation. 

Potentials for which the mass term is suppressed, ei- 
ther throu gh a fine-tuning or through the imposition of a 
symmetry |46| , can avoid the "last e-fold" problem. Con- 
sider Eq. (|29|l for p > 4. Proceeding as in the p = 2 case, 
we find 



2 / ,\ 2(p-l) 
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The number of e-folds before the end of inflation is 



N(cj)) ~ 8tt 



1 



mpi y \p — 2 
and from N(<p), ipeo is 



p-2 



p-2 



2tt 



15(p-2) V^pi 



1 V(p-2) 



(46) 



(47) 



This approximation follows from Eq. (|46[) since the first 
term in square brackets dominates when (f> <C fx. From 
Eq. the spectral index evaluated at (f>eo is 



1- — 



l\p-l 



30 J p- 2' 



(48) 



and depends only on the order of the dominant term in 
the potential Eq. (|29() . This is in sharp contrast to the 
result for p — 2 Eq. (|33|> . where the spectral index is a 
function of ll. The origin of the difference in the form of n 
in Eqs. IM-il) and l|48[) is that V" is independent of <f> when 
p = 2. Since n — 1 oc V" /V ~ — l//i 2 , as /x decreases, 
n is driven smaller regardless of where on the potential 
it is measured (i.e. the value of </>6o)- Potentials with 
p > 4 have V" /V oc ~1 / (x 2 {4> / ii) p ~ 2 which, for a given 
(/>, also becomes more negative as y, decreases. However, 
the point at which we measure the spectral index, 06Oj 
also scales with p, as in Eq. I|47|l . The scaling behavior 
of V"/V and that of </>6o/V exactly cancel, so that as we 
go to smaller scales, the spectral index is being measured 
at point on the potential for which V"/V does not differ 
from one scale to the next. 

It is important to determine what additional con- 
straints, if any, are imposed on the scale fi by the 
COBE normalization, 5b — 1.9 x 10 -5 , which is re- 
lated to the amplitude of scalar perturbations Eq. © 

1/2 

by Sh = (2/5)Ptj . At lowest order, the perturbation 
amplitude at is given in terms of the potential by 



P, 



x/2„ /32^ V 3/2 (foo) 



n 



3 m A piV'(<M 



(49) 



The COBE normalization relates the vacuum energy den- 
sity A and the symmetry breaking scale li at </>6o, 



P 



1/2 



R 



2tt 



32tt \ lb(p-2) 



p-2 



( 5 °) 

When p = 4, the hierarchy mpi//x drops out and A 
scales linearly with pL. This is expected, since the <f> 4 
field theory is scale-free. If one assumes perfectly effi- 
cient reheating, it is possible to derive a lower bound 
on A 4 . In order to preserve standard hot big bang cos- 
mology, inflation must occur above the nucleosynthesis 



scale, or A = 100 MeV ~ 10 



-20 



m P1 . 



From Eq. (!5Ull . 



this places a lower bound of fx > 1 GeV on the sym- 
metry breaking scale. Therefore, the p = 4 potential 




V = A(1-(W ) 

V = A((|)/n) 4 



0.1 



FIG. 2: vs - N over the last e-fold for the potentials 
V{4>) \<j) A (dotted line) and V{4>) = A 4 [l - {(p/pf] (solid 
line). The symmetry breaking scale for the inverted potential 
is n = O.lmpi. 



is capable of driving inflation at very low scales while 
providing an acceptable reheat temperature. In gen- 
eral, A ~ /i(r7jpi//i)( p ~ 4 )/( 2p ~ 4 ) so that for a given scale 
ii < mpi, higher order potentials will admit larger A. 

Lastly, it remains to determine the behavior of e(N) 
during the last e-fold. Using Eqs. (|45|l and (|46|l . we find 
t as a function of N, 



e(N) 



1 

16V 



(g - 2)A^ / mm 



8tt 



p-2 



+ 



1 

16V 



P-2 
2;. 2 



(51) 



For an illustrative comparison , consider the plot of yfi 
vs. N for potentials of the form V(<j>) — A</> 4 and V((j>) = 
A 4 [l — (0//i) 4 ], Fig. |21 The symmetry breaking scale for 
the inverted potential is /i = O.lmpi, a fairly large value 
considering that these potentials can lead to successful 
inflation at much lower scales. The rapid falloff of y/e as 
a function of N is exactly the behavior expected out of 
a potential which satisfies A(j) <^ mp\. 



IV. CONCLUSIONS 

We consider the consequences of requiring the change 
in the inflaton field during its evolution to be sub- 
Planckian, or, < mpi. We derive a higher order 
version of Lyth's relationship between the field variation 
and the tensor/scalar ratio, r. This is valid to second 
order in slow roll, and is given by Eq. (|17|) . In addition 
to r, the field variation also depends on the scalar spec- 
tral index n. Naively interpreted, this result appears to 
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indicate that a spectrum close to scale invariance (n ~ 1) 
makes it easier to ensure that A(jj is small, but we find 
that this is a model-dependent statement. 

Arguments based on effective field theory suggest that 
a self-consistent inflation model must have A</> < mpi 
during the interval in which cosmological perturbations 
are laid down. To satisfy this constraint with a sin- 
gle field model, the tensor/scalar ratio is strongly sup- 
pressed: r -C 1. This argument amounts to putting a 
strong theoretical prior on the inflationary model space 
- namely that we are working with a model derived from 
supergravity or string theory. In this case, an effective 
field theory description of the inflaton potential is very 
unlikely to be reliable when the inflaton acquires a trans- 
Planckian vev, as the delicate balance between the height 
and slope of the potential required for successful inflation 
will almost certainly be disrupted. 

In this analysis, we do not take a position on whether 
it is reasonable to restrict the inflationary model space 
in this way. Rather, we take the view that observa- 
tions will eventually either determine the value of r or 
place a tight upper bound on its value, and we investi- 
gate the theoretical implications of these different pos- 
sibilities. Lyth's original discussion considered only the 
field variation during the interval during which pertur- 
bations relevant to the lowest multipole moments CMB 
were being laid down, relevant to the detectable signal 
from gravitational waves. We extend this result in two 
ways. Firstly, we include next-to-leading order terms in 
the slow-roll expansion, which yields an expression for A<j) 
which depends on both r, and the scalar spectral index n. 
Secondly, we consider the field variation over the final 60 
c-foldings of inflation which gives a tighter constraint on 
the overall model space. In particular, we found that the 
field point generically evolves by an amount close to mpi 
during the final moments of inflation, leading to what we 
have dubbed the "last e-fold problem" : almost all min- 
imally coupled, single field inflationary models will have 
Acf> > mp\. 

The simplest way to build an inflationary model with 
Acj) <C mpi is hybrid inflation 01 • I n a hybrid scenario, 
the field evolves toward a minimum with nonzero vac- 
uum energy. On such a potential, the inflationary solu- 
tion asymptotes to 4> = as (j) approaches the minimum 
of the potential, after an infinite amount of inflation |49| . 
Consequently, in these models inflation ends because of 
an instability in an orthogonal direction, induced by an 
auxiliary field. Clearly, this scenario yields an arbitrar- 
ily large amount of inflation with an arbitrarily small 
field variation. Such models are therefore well-behaved 
from the standpoint of effective field theory. It might be 
argued that hybrid inflation is fine-tuned, as it relies on 
having an auxiliary field with an instability exponentially 
close to the origin. In practice, hybrid models exploit the 
presence of a hierarchy of mass-scales in nature, and so 
do not involve any extra tunings. 

In the case of "inverted" potentials characteristic of 
spontaneous symmetry breaking, inflation ends dynami- 



cally when the slow roll parameter e passes through unity, 
and no extra parameters are required to fix the endpoint 
of inflation. Near the origin, the potential is dominated 
by the lowest order term in its Taylor series, so we con- 
sider "small-field" models where V(cf>) ~ 1 — (cf>/fi) p . 

Without tuning or a symmetry, the inflaton mass term 
dominates, and p — 2. In this case, we derive an expres- 
sion for the field variation over the entire inflationary 
period, Eq ®, or A^/m P1 ~ 1/(2^ \rj\) ~ 1/(1 - n). 
Therefore as we approach the scale- invariant limit, n — > 
1, the field variation becomes large in Planck units. In- 
terestingly, most of the field evolution happens near the 
end of inflation, long after observable perturbations have 
been generated. The field variation can be small during 
the first four e-folds of inflation, 

A0(6O -► 56) = 0.05rn P i, (52) 

thereby nominally satisfying A<j> <C mp\. The field vari- 
ation is, however, large during the last e-fold, 

A0(1 -> 0) = 0.2m P1 . (53) 

Therefore, such models still suffer from the "last e-fold" 
problem, and generically yield large field variations near 
the end of inflation. This behavior can be seen in the 
approximate flow relation 

A0«^Vi|AiV|, (54) 

valid when e ~ constant. Near the end of inflation, e ~ 1, 
and the field variation is generically of order mpi, even for 
models which generate a negligible tensor amplitude on 
observable scales. This analytic result is consistent with 
conclusions based on a stochastic analysis using the flow 
equations, discussed here and in Ref. (34|. Whether or 
not a field variation A<f> ~ 0.2topj is actually a problem 
is a model-dependent statement 50] . One of us (WHK) 
has argued that field variations of this magnitude are per- 
fectly acceptable in the context of natural inflation [33j. 
Other models might incorporate such field variations in 
a natural way (see, for example, Ref. 

In order for the field variation during inflation to be 
very small in Planck units, the mass term for the infla- 
ton must be suppressed. This might be accomplished 
by fine-tuning: for example a very flat potential with a 
sharp "drop off" , so the potential resembles a mesa rather 
than a rounded hilltop. In this (.'(■ISC! 1 . ct Taylor expansion 
of the potential near the end of inflation is dominated 
by higher-order terms. (A similar tuning problem was 
identified in Ref. using a counting argument on a 
generic dimensionless paremeter set.) A less contrived 
alternative is to introduce a symmetry which forces the 
mass term to vanish, so that the potential is dominated 
by quartic (or higher-order) interactions during the infla- 
tionary period. In this case, e varies rapidly near the end 
of inflation, and Aip <C mpi over the entire inflation ary 
period, without the need for further tuning. In Ref. |4(| 
WHK and Mahanthappa constructed a detailed model 



9 



based on an explicitly broken local symmetry, demon- 
strating that one can achieve the desired suppression of 
the inflaton mass term within a realistic Lagrangian. We 
argue that this model satisfies the "challenge" issued by 
Boyle, Steinhardt, and Turok in Ref. [H^ to construct a 
deterministic, complete inflationary model which is con- 
sistent with r < 10~ 2 . The model is technically natural: 
no fine-tuning is required even when loop corrections are 
included, and the potential 



V{9) = 




has a smooth minimum, bounded below. The inflaton 
can be coupled to fermionic degrees of freedom, allowing 
reheating, without spoiling the form of the inflationary 
potential. A discussion of how to achieve a similar sup- 
pression of the mass term in extra-dimensional theories 
can be found in Ref. [3(j. We therefore conclude that 
tuning arguments cannot be used as suggested by Boyle, 
et al. to place a lower-bound on the tensor/scalar ratio 
for inflation models. 

Conversely, there is no watertight argument that can 
be used to rule out inflationary models with A<f) > mp\, 
and the value of r will ultimately be determined observa- 
tionally. However, the analysis here shows that in typical 
models of inflation, the variation in the field value dur- 
ing the last e-fold of inflation can be significantly larger 
than the change during the epoch in which cosmological 
perturbations are l aid down. Consequently, if one is con- 

' The WMAP3 data lo-ll . released after the first version of this 
paper was written, strongly favor a red spectrum. 



sidering a class of models for which <f> ~ mp\ is disfavored, 
the analysis here can be used to put tight constraints on 
the models' parameter space. 

Observationally, we are making rapid strides. Forth- 
coming observations will be capable of detecting a tiny 
deviation from scale-invariance. In the absence of run- 
ning, a blue spectrum, (n > 1) will strongly favor hybrid- 
type inflation models. A red spectrum (n < 1) favors "in- 
verted" potentials typical of small- field inflation. 7 Cur- 
rent upper bounds on the tensor amplitude are much 
weaker than the ultimate theoretical limits on their de- 
tectability. If tensor modes are detected by future mea- 
surements, we will acquire a wealth of phenomenological 
information about the inflationary epoch |4ll l53| . If the 
tensor/scalar ratio turns out to be unobservably small, 
we can still learn much about inflation. However, despite 
recent progress, there is no guarantee that the theoretical 
questions surrounding the "naturalness" of inflation will 
be quickly resolved. 
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